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, 2 cuspidal edge( ) swa110w
tail( ) ,
. , (wave front)
.
. $\mathrm{R}^{2}$
$T_{1}^{*}\mathrm{R}^{2}=\mathrm{R}^{2}\cross S^{1}\ni(x,y, n)$ ( $n\in \mathrm{R}^{2},$ $|$n$|=1$ )
. 1-form $\eta$ .
$\eta:=n_{1}dx+n_{2}dy$
$n=$ $(n_{1}, n2)$ . 1-form $\eta$ $d\eta\Lambda\eta$ $T_{1}^{*}\mathrm{R}^{2}$
3 $T_{1}^{*}\mathrm{R}^{2}$ . (
Riemann .
, .) $L:$ [a, $b$] $arrow T_{1}^{*}\mathrm{R}^{2}$
( ) $L^{*}\eta=0$
. $L(t)=(x(t),y(t),$ $n(t))$
$\gamma(t)=$ ($x$ (t), $y($t)) (wave fiont, ) . $L^{*}\eta=0$
$\gamma’(t)$ $n(t)$ $\mathrm{R}^{2}$ .
Fact 1.1. $\gamma(t)$ ( $\gamma’(t)\neq 0$ ) ,




$\gamma’(t)=0$ , $\gamma(t)$ ,
$n’(t)\neq 0$ . , $\gamma(t)$
, $n$ (t)
($\gamma(t),$ $n$ (t)) , $\gamma(t)$
.
( )
. $\gamma(t)$ , $\delta$
$\gamma_{\delta}(t)=\gamma(t)+\delta$n(t) $(\delta\in \mathrm{R})$ .
. , ,







$\gamma(t)$ , $\delta\neq 0$ , $\gamma_{\delta}^{J}(t_{0})\neq 0$ .
,
. $\mathrm{R}^{3}$
$T_{1}^{*}\mathrm{R}^{3}=\mathrm{R}^{3}\cross S^{2}\ni(x, y, z, \nu)$
, 1-form .
$\eta:=\nu_{1}dx+\nu 2dy+\nu$3dz $(\nu=(\nu_{1}, \nu 2, \nu 3))$
1-form $\eta$ $d\eta\wedge d\eta\Lambda\eta$ $T_{1}^{*}\mathrm{R}^{3}$ $\mathrm{A}$ ) $5$
$T_{1}^{*}\mathrm{R}^{3}$ .
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$\Sigma$ 2 , $L:\Sigmaarrow T_{1}^{*}\mathrm{R}^{3}$
$L^{*}\eta=0$ .
(wave front, ) . .
Fact 1.2. $p(u, v)$ , $\nu(u, v)$ $(p, \nu)$
.
$p(u, v)$ ,
$\nu(u, v)$ , , ($\gamma(t),$ $n$ (t)) $\mathrm{R}^{3}\cross S^{2}$
. .
( 2 )
(cuspidal edge) :{(x, $y,$ $z)\in \mathrm{R}^{3}$ ; $x^{2}=y^{3}$ },
(swallowtail): $\{x=3u^{4}+u^{2}v, y=4u^{3}+2uv, z=v\}$
,
2. CUSPIDAL EDGE SWALLOW TAIL
, 2
.
$U$ $(\mathrm{R}^{2};u, v)$ , $p=p(u,v)$ : $Uarrow \mathrm{R}^{3}$





$d\lambda(u, v)\neq 0$ $(u, v)$ .
, $uv$- $\gamma=\gamma(t)$ :
$(-\epsilon, \epsilon)arrow U$ , $t=0$ .







(2) , (t0) $=\eta(t_{0})$









$u=0$ ( $v$ ) .
$\nu=\frac{1}{\sqrt{1+u^{2}}}(1, u, 0)$
, 1).
. $p_{u}\cross p_{v}=\lambda(u, v)\nu$
$\lambda$ (u, $v$ ) $=det(p_{u},p_{v}, \nu)=-6u\sqrt{1+u^{2}}$
$\lambda_{u}(0, v)=-6(< 0)$
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$v$ $d\lambda\neq 0$ . $p_{u}(0, v)=0$ ,
$\eta=$
$(1, 0)$ , -\rightarrow , $(0, 1)$ , 2
.




$6u^{2}+v=0$ . $u=v=0$ , swallow
tad . ( cuspidal edge .)
$\nu=\frac{1}{\sqrt{1+u^{2}+u^{4}}}(1, -u, u^{2})$
, . $p_{u}\cross p_{v}=\lambda(u,v)\iota/$
$\lambda$(u, $v$ ) $=det(p_{u},p_{v}, \nu)=2\sqrt{1+u^{2}+u^{4}}(6u^{2}+v)$
$\lambda_{v}$ (u, $v$ ) $=2\sqrt{1+u^{2}+u^{4}}(> 0)$
, . $6u^{2}+v=0$
$p_{u}=0$ , $\eta=$ $(1, 0)$ , ,
$\gamma’=(1, -12u)$ .
$\frac{d}{dt}\det(\gamma’, \eta)=\frac{d}{dt}|\begin{array}{ll}1 10 -12u\end{array}|=-12( \neq 0)$
$u=0$ , 2.1 (2) .





, cuspidal edge swallow tail ,
2 , ,
cuspidal edge swallow ta
.
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[1] , . $C^{\infty}$
$f=f(t)$ : $(-\epsilon, \epsilon)arrow$ R, $f(0)=0$
$t=0$ $A_{k}$-singularity
$f(0)=f’(0)=$ . . $=f^{(k)}(0)=0$ , $f^{(k+1)}(0)\neq 0$
. $f^{(n)}(t)=d^{n}f/dt^{n}(n=1,2, ..., k+1)$ .
$\Omega^{n}$ $\mathrm{R}^{n}$
$\llcorner$ , C\mbox{\boldmath $\omega$}-
$F$ : $(-\epsilon, \epsilon)\cross\Omega^{n}arrow$ R
$f$ ($n$- )unfolding ( )
$F(t, 0)=f(t)$ $(t\in (-\epsilon, \epsilon))$
. 0 $\mathrm{R}^{n}$ . ,
$(\begin{array}{lll}F_{x_{1}} F_{x_{1}}^{/} F_{x_{1}}^{(k-1)}F_{x_{2}}^{(k-1)}F_{x_{2}} F_{x_{2}}’ \vdots\vdots \vdots \vdots F_{x_{n}} F_{x_{n}} F_{x_{n}}^{(k-1)}\end{array})$
$k$ versal unfolding( ) 1.
$F_{x_{j}}^{(i)}:= \frac{\partial^{i+1}F}{\partial x_{j}\partial t^{i}}(t, x_{1}, \ldots.,x_{n})$ $(i=1, \ldots, k-1, j=1, \ldots, n)$
. $\Omega^{n}$
$D_{F}:=$ { $\mathrm{x}=(x_{1},$ $\ldots,$ $x_{n})\in \mathrm{R}^{n}$ ; $\exists t\in \mathrm{R}$ such that $F(t,$ $\mathrm{x})=F’(t,$ $\mathrm{x})=0$}
$F$ (discriminant set) . .
Fact 2.4. [1] $n=3$ $f$ : $(-\epsilon, \epsilon)arrow \mathrm{R}$ $A_{k^{-}}singular\dot{\eta}ty$ $F$ :
$(-\epsilon, \epsilon)\cross\Omega^{3}arrow \mathrm{R}$ versal unfolding .
(1) $k=2$ $D_{F}$ cuspidal edge .
(2) $k=3$ $D_{F}$ swallow edge .
1 }’. $\#\mathrm{f}\mathcal{K}$-versal . $F$ versal $G$ $m$- $f$ (t) unfolding
$G$ (t, $x$ ) $=\lambda(t,x)F$ (a(t, $x$), $b($x)) $c\infty$- \lambda ( $x$) $(\neq 0)$
$a(t, x)$ $b:\mathrm{R}^{n}arrow \mathrm{R}^{m}$ . unfolding $F$ 1 $n$
. versal( ) . $\mathrm{u}\mathrm{n}\mathrm{i}$-versal $\mathrm{u}\mathrm{n}\mathrm{i}$ t [
, .
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, cuspidal edge swallowtail
. ,
, ,
, $F$ (t, $x$ , $z$ ) $=F’(t, x, y, z)=0$
, $F$ $D_{F}$ . ,
unfolding $F$ versal .
.
(1) cuspidal edge . .
$\mathrm{R}^{3}$ , $z$- . ,
$z$- , , ($X($t, $z),$ $Y($t, $z)$ )
( ) .
$n(t, z)=(a(t, z),$ $b(t, z))$
$F(t, x,y, z)=a(t, z)(x-X(t, z))+b(t, z)(y-Y(t, z))$
$F=0$ , ($X$ (t, $z$), $\mathrm{Y}(t,$ $z)$ ) . ,
, $F=F’=0$ ($X$ (t, $z$), $Y($t, $z)$ )
$D_{F}$ , .
($F_{y}(0,0)$ $F_{x}’(0,0)F_{y}’(0,0)$)$F_{z}’(0,0)=(ab(\mathrm{o}_{0},\mathrm{o})(0,0)$ $a’(0,0)b’(\mathrm{o}_{0},\mathrm{o}))$
, ($X$ (t, $z$), $\mathrm{Y}(t,$ $z)$ ) ] ,
2 $F$ versal .
$f$ (t) $:=F$ (t, 0, 0, 0) $A_{2^{-}}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}1\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$ ,
$f(0)=f’(0)=f”(0)=0$ $f^{(3)}(0)\neq 0$ . ( $f^{(3)}(0)\neq 0$
(1) . )
(2) Swallowtail . cuspidal edge
.
, $F=0$ $D_{F}$ .
$F$ versal $f$ (t) $:=F$(t, 0, 0, 0) $A_{3^{-}}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}1\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$
T’-‘ , cuspidal edge . (






Fact 3.1. (Volkov- $Vladimirova/\mathit{9}]$, S. Sasaki /7/)3 $H^{3}$
.
4( )
, 3 , ,
( 4). 3 1]
, ( 4 ) , 1 ( 4 )
, ( 4 ) cuspidal edge l $\mathrm{h}^{\grave{\backslash }}$
. , ]. $\mathrm{V}$ ).
Fact 3.2. , .
, ,
. .












H3 $=S^{2}=\mathrm{C}\cup\{\infty\}$ $G_{\pm}(p)$ . $G_{\pm}$
.
$(G_{+}, G-)$ , $\Sigma$ .
.
3.3. $(G\acute{a}lvez- Mart\acute{\iota}nez- Mil\acute{a}n[\mathit{3}J)\Sigma$ $H^{3}$ (
) , $\Sigma$ $\overline{\Sigma}$
$p_{1},$ $\ldots,p_{n}$ .
$n$ $p_{1},$ $\ldots$ ,p , (end) . $G_{+},$ $G$-
, $p_{j}$ $p_{j}$ . .
3.4. (Kokubu-Yamada-U. [6]) $H^{3}$
deg(G+)+deg(G-)\geq ( )
. ( $\deg(G_{+}),$ $\deg(G_{-})$ .)
.




$U$ (cC) $\llcorner$ , $h$ $U$
.
$F^{-1}dF=(\begin{array}{ll}0 1e^{h} 0\end{array})$ $dz$
F(0)=i
$\ovalbox{\tt\small REJECT}$ : $Uarrow \mathrm{S}\mathrm{L}(2, \mathrm{C})$
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$\pi$ : $\mathrm{S}\mathrm{L}(2, \mathrm{C})arrow \mathrm{S}\mathrm{L}(2, \mathrm{C})/\mathrm{S}\mathrm{U}(2)$ $H^{3}$
$f_{h}:=\pi\circ\ovalbox{\tt\small REJECT}$






. , $O$ (U) $C$“-compact open topology .
$J_{H}^{k}(U)$ $\ni j^{k}h:=(p, h(p),$ $h’(p),$ $h”(p),$ $.$ .., $h^{(k)}(p))\in U\cross \mathrm{C}^{k+1}$
, $h$ $U$ $\mathrm{k}$-jet $J_{H}^{k}$ (U) .
$U\cross \mathrm{C}^{k+1}$ , . $O$ (U) $S$ open
$h\in S$ , $p$ $U$ \nearrow
$K_{1},$
$\ldots,$
$K_{s}$ , $J_{H}^{k}(U)$ $O_{1},$ $\ldots,$ $O_{s}$ ,
$h\in\cap^{s}[K_{r}, O_{r}]_{l}\subset Sr=1$
$C^{\infty}$-compact open topology .
.
3.5. ([4/) $h\in O(U)$ , .
(1) $p\in U$ $f_{h}$ ${\rm Re}(h(p))=0$ .
(2) , $h’(p)\neq 0$ .
(3) , cuspidal edge
$Im(e^{-h/2}h’)\neq 0$ .
144





$S$(K) $:=$ { $h\in O($U); $f_{h}$ K. cuspidal edge swallowtad .}
$O$ (U) .
$C^{\infty}-$ cuspidal edge swallow tail
, Whitney $C^{\infty}$ open




3.7. ([4/) $f$ : $\Sigmaarrow H^{3}$ , (
) , $t=t_{1},$ $..,$ $t$m ,







2 $\Sigma$ 3 $(L^{3}, ++-)$ $f$ : $\Sigmaarrow L^{3}$
,
, $H^{3}$ . ,
.
Fact 4.1. $L^{3}$ $0$ .
Fact 4.2. Weierstrass . (
. , 1 .)
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Fact 4.3. $f$ : $\Sigmaarrow L^{3}$ $\mathrm{C}^{3}$ rlull $h$olomorphic immersion $F=$
$(F_{1}, F_{2}, F_{3})$ : $\tilde{\Sigma}arrow$ C3 . ( $\tilde{\Sigma}$ $\Sigma$
.) $F$ null
Fl. $\partial F_{1}+\partial F_{2}\cdot\partial F_{2}-\partial F_{3}\cdot\partial F_{3}=0$
.
null holomorphic immsersion $L^{3}$ maxface ( ) .
maxface , ,
. maxface , ( , ,
)
. , , $\mathrm{R}^{3}$ $\mathrm{L}^{3}$
Weierstrass .
.
5.1.(Yamada-U. [8]) $\Sigma$ $L^{3}$ ( )
maxface , , $\Sigma$ $\overline{\Sigma}$
$p_{1},$ $\ldots,p_{n}$ . , $n$
$p_{1},$ $\ldots,p_{n}$ ,
$G:\Sigmaarrow\overline{H_{+}^{2}\cup H_{-}^{2}}=S^{2}=\mathrm{C}\cup\{\infty\}$
, $\Sigma$ , $G$ 2.
$G$ $\overline{\Sigma}$ , . .
5.2. (Yamada-U. [8]) $L^{3}$ ( ) maxface
.
$2\deg(G)\geq-\chi$ (\Sigma )+( ).
.
, maxface , cuspidml edge swallow ta V)
. maxface , , 2
. , .
23 , . 2 ,




4.4. (Yamada-U. $[\mathit{8}J$) $f$ : $M^{2}arrow L^{3}$ $M^{2}$ $L^{3}$
maxface . $f$ $G$ $S^{2}=\mathrm{C}\cup\{-\}$
meromorphic 1-form $d$G $f$
( $\mathrm{R}^{3}$ contact stmcture )
$\gamma_{X}\text{ }$ .
, $f$ $n$ ,
, $dG$ , $n$) ,
, .
, . $U$ $\mathrm{C}$
. $h$ $U$ ( $e^{h(z)/2},$ $d$z)
Weierstrass data




, $U$ $O(U)$ .
, $O(U)$ $C^{\infty}$-compact open topology . 36
.
45. (Yamada-U. $[\mathit{8}J$) $K$ $U$
$S$ (K) $:=$ { $h\in O($U); $f_{h}$ $K$ cuspidal edge swallowtad .}
$O(U)$ .
5.
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